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For that condition implies that E(x; d(x, A)) c E — A, hence x is interior
to E - A; conversely, if x is exterior to A, there is a ball B(x; r) with r > 0
contained in E — A; for any y e A, we have therefore d(x, y) ^ r, hence
d(x, A) ^ r.
8. CLOSED SETS, CLUSTER POINTS, CLOSURE OF A SET
In a metric space E, a closed set is by definition the complement of an
open set. The empty set is closed, and so is the whole space E. In the real
line, the intervals [a, +oo[ and ]— oo, a] are closed sets; so is the set Z of
integers; the intervals [a, b[ and ]a, b] are neither open sets nor closed sets.
(3.8.1)	A closed ball is a closed set; a sphere is a closed set.
For if x i W(a; r), then d(x, R'(a; r)) ^ d(a, jc) - r > 0 by (3.4.1), hence
the open ball of center x and radius d(a, x) — r is in the complement of
R'(a;r), which proves that complement is open. The complement of the
sphere S(a; r) is the union of the ball E(a; r) and of the complement of the
ball W(a; r), hence is open by (3.5.2).
 (3.8.2)	The intersection of any family of closed sets is closed.
 (3.8.3)	The union of a finite number of closed sets is closed.
This follows at once from (3.5.2) and (3.5.3) respectively, by considering
complements (see formulas (1.2.9) and (1.8.1)).
In particular, a one point set {x} is closed, as intersection of the balls
R'(x;r) for r > 0.
(3.8.4)	In a discrete space every set is closed.
This follows at once from (3.5.4).
A cluster point of a subset A of E is a point x e E such that every neigh-
borhood of x has a nonempty intersection with A. The set of all cluster
points of A is called the closure of A and written A. To say that x is not a
cluster point of A means therefore that it is interior to E — A, in other words:

